Magnetometry utilizing a spin qubit in a solid state possesses high sensitivity. In particular, a magnetic sensor with a high spatial resolution can be achieved with the electron-spin states of a nitrogen vacancy (NV) center in diamond. In this study, we demonstrated that NV quantum sensing based on multiple-pulse decoupling sequences can sensitively measure not only the amplitude but also the phase shift of an alternatingcurrent (AC) magnetic field. In the AC magnetometry based on decoupling sequences, the maximum phase accumulation of the NV spin due to an AC field can be generally obtained when the π-pulse period in the sequences matches the half time period of the field and the relative phase difference between the sequences and the field is zero. By contrast, the NV quantum sensor acquires no phase accumulation if the relative phase difference is π/2. Thus, this phase-accumulation condition does not have any advantage for the magnetometry. However, we revealed that the non-phase-accumulation condition is available for detecting a very small phase shift of an AC field from its initial phase. This finding is expected to provide a guide for realizing sensitive measurement of a complex AC magnetic field in micrometer and nanometer scales.
Over the past few decades, the demand for sensitive magnetic sensors and magnetometers has been growing not only in fundamental investigations of magnetism 1 and spin dynamics 2, 3 but also in a wide field of application such as non-destructive evaluations 4 and medical imaging based on nuclear spin magnetic resonance (NMR). In particular, qubit-based sensors, called quantum sensors, have attracted considerable attention for their ultra-high sensitivity beyond what is achievable with conventional magnetic sensors such as semiconductor-based Hall sensors. 5 The quantum sensors can achieve highly sensitive measurements, including magnetometry, 6-8 electrometry, [9] [10] [11] and thermometry. [12] [13] [14] A quantum sensor can also detect a very small mechanical oscillation. 15 Among the quantum sensors developed so far, a nitrogen-vacancy (NV) quantum sensor, where the electron-spin state of an NV center in diamond is used as a spin qubit, has high spatial resolution 5 in addition to high sensitivity. It can therefore detect magnetism [16] [17] [18] [19] and nuclear spins [20] [21] [22] [23] [24] in a nanometer scale. For such applications, the amplitude of an alternatingcurrent (AC) magnetic field is generally measured using AC magnetometry techniques with multiple-pulse dynamical decoupling sequences. In these techniques, the maximum phase accumulation of the NV spin due to an AC magnetic field can be obtained when the period of π pulses in the decoupling sequences matches the half time period of the AC field and the relative phase difference between the AC field and the decoupling sequences is zero. This phase-accumulation condition can enhance the signal from a particular-frequency field and suppress the influence of noise caused by unwanted-frequency fields, which can be regarded as a function of a lock-in amplifier in the quantum regime. 25 Consequently, the NV quantum sensor can detect an AC magnetic field with a very small amplitude. 6, 7, 26 Furthermore, such amplitude measurement is also utilized for vector-field sensing and imaging. 27 By contrast, phase accumulation of the NV spin is not obtained when the relative phase difference is π/2. This non-phase-accumulation condition is therefore considered unfavorable for measuring the amplitude of an AC magnetic field. In this study, however, we found that under the nonphase-accumulation condition, the NV quantum sensor can measure the phase shift of an AC magnetic field from its initial phase with high sensitivity. Therefore, the amplitude and the phase shift of an AC magnetic field can be sensitively measured by performing NV quantum sensing under phase-accumulation and non-phase accumulation conditions, respectively.
Results

AC magnetometry
We realized a quantum sensor by using an ensemble of the electron-spin states of NV centers in an isotopically purified diamond film. Figure 1(a) shows a schematic of our experimental setup for the AC magnetometry. An AC magnetic field of B(t) = B ac cos (2πf ac t + φ ac ) was generated by the coil, where B ac is the amplitude, f ac is the frequency, and φ ac is the initial phase at the start of the decoupling sequences. The relative phase difference between the field and the decoupling sequences can be controlled by tuning the initial phase φ ac . Here, we set f ac = 200 kHz and φ ac = π/2. The AC field was applied to the NV ensemble and synchronized to the decoupling sequences, as shown in Fig. 1(b) .
Figure 1(c) shows the AC magnetometry result obtained using an XY8-1 sequence.
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The XY-series sequences are classified as a Carr-Purcell (CP)-type sequence. 29 Therefore, the signal of AC magnetometry obtained by using this type of decoupling sequences with even N pulses is proportional to sin Φ, where Φ is given by
Here, γ e is the gyromagnetic ratio of the electron-spin states of NV centers, N is the number of π pulses, τ is the interval between the pulses, and α is the ratio of the π-pulse width τ π to the interval τ , i.e., τ π = ατ . In this study, τ π = 124 ns. Fitting the experimental results according to sin Φ [Eq.
(1)] yielded B ac = 0.74±0.02 µT and φ ac = 1.55±0.02 ≈ π/2. This fitting result is indicated by the blue solid line in Fig. 1 (c). Note that in an ideal case with τ π = 0 (i.e., α = 0), no phase accumulation should be observed at the free precession time Nτ = 20 µs where N = 8 and τ = (2f ac ) −1 . This is indicated by the green solid line in Fig. 1(c) . In the experiment, however, no phase accumulation was observed at the time ≈ 19 µs because of the finite π-pulse width; therefore, τ should be modified as τ = [2f ac (1 + α)] −1 . The details of the finite-width-pulse effect have been described by our previous work.
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Signal deviation due to phase shift
The magnetometry-signal deviation ∆S for a very small phase shift ∆φ ac from φ ac is obtained in terms of the derivative of a mangetometry signal sin Φ with respect to φ ac :
The proportionality factor in Eq. (2) is explained in Methods. An important feature of this equation is that ∆S is proportional to cos Φ. This implies that the maximum ∆S at τ = [2f ac (1 + α)] −1 can be obtained under the non-phase-accumulation condition, where the relative phase difference between the AC field and the decoupling sequences is π/2, i.e., φ ac = π/2 in this study. Figure 2 shows ∆S for the AC magnetometry obtained by using the XY8-1 sequence with various phase shifts ∆φ ac for the initial phase φ ac = π/2: ∆φ ac = ±0.05π, −0.02π, and 0.01π. In this experiment, the same parameters of the AC field as those for the previous experiment of Fig. 1 were adopted. As expected from Eq. (2), the maximum ∆S for each ∆φ ac was obtained around 19 µs, which is the non-phase-accumulation condition (see Figs. 1(b) and (c)). We also confirmed that the experimental results can be reproduced by Eq.(2) with the AC-field and the decoupling-sequence parameters and ∆φ ac , as indicated by the solid lines in Fig. 2 .
If φ ac = π/2 and τ (1 + α) = (2f ac ) −1 (i.e., the non-phase-accumulation condition), ∆S/∆φ ac for approximately Φ = 0 is given by
Therefore, ∆S is expected to be proportional to the number of pulses N and the AC field amplitude B ac . To examine the dependence of ∆S on N, we performed AC magnetometry using a Carr-Purcell-Meiboom-Gill 31 sequence with N = 2 (CPMG-2), a XY4-1 sequence (N = 4), and the XY8-1 sequence (N = 8) at a fixed free precession time Nτ , where τ (1 + α) = (2f ac ) −1 = 2.5 µs. Here, we fixed the AC-field amplitude at B ac = 0.74 µT. Figure 3 (a) shows ∆S as a function of phase shift ∆φ ac for each decoupling sequence. The solid lines in Fig. 3 (a) were obtained by Eq. (3) with the AC-field and the decoupling-sequence parameters. We observed that the slopes of the ∆S-∆φ ac relations increased with increasing N; this agrees with Eq. (3). We also examined the dependence of ∆S on B ac for the XY8-1 sequence at a fixed free precession time 8τ ≈ 19 µs (non-phase-accumulation condition). 
Discussion
Signal-to-noise ratio for phase-shift measurement
As mentioned previously, the maximum phase accumulation can be acquired when φ ac = 0 and τ (1 + α) = (2f ac ) −1 . By contrast, our results indicate that under the non-phaseaccumulation condition, where φ ac = π/2, the NV quantum sensor can detect a very small phase shift of the AC magnetic field. Assuming that a detection error is caused by the shot noise of photons detected from the NV ensemble, the signal-to-noise ratio (SNR) for the ∆φ ac measurement is given by
where N m is the number of measurements, N nv is the number of NV centers in an optical detection volume, and T 2 (N) is the coherence time of the NV ensemble with the N-pulse decoupling sequences.
, where r 0 and r 1 are photon counts of the bright and the dark states of NV centers, respectively. The derivation of Eq. (4) is described in Methods. In our experimental setup, C ≈ 0.03 and N nv ≈ 60. If we measure ∆φ ac of an AC magnetic field in Nτ ∼ T 2 (N), we can define the detectable minimum phase shift ∆φ min ac according to Eqs. (3) and (4) with SNR = 1, as follows:
where the total measurement time
Defining the phase sensitivity η φ as a formula similar to that of the magnetic-field sensitivity in the quantum sensing, 6 we can estimate η φ ≈ 3 × 10 −3 / √ Hz with B ac = 1 µT and T 2 (N = 256) ≈ 1 ms (See the subsection "Measurements of coherence time" in Methods).
Upper limit of the ∆φ ac measurement
Note that Eqs. (2)- (5) about the phase shift of the AC field are valid only for the condition that ∆S is (linearly) proportional to ∆φ ac . However, as ∆φ ac increases, the linear relationship between ∆S and ∆φ ac is no longer maintained. Therefore, Eqs. (2)- (5) are applicable for |∆φ ac | ≪ 1.
To evaluate a range of ∆φ ac for which Eqs. (2)- (5) 
Note that |∆S| = 1 corresponds to the maximum |∆S| obtained from | sin Φ(φ ac + ∆φ ac ) − sin Φ(φ ac )| when the proportionality factor is assumed to be unity; thus, ∆φ L ac can be used as a measure of the upper limit of ∆φ ac at which Eqs. (2)- (5) are applicable. As seen in Fig. 4 , for |∆φ ac | ≪ ∆φ L ac , |∆S| obtained from | sin Φ(φ ac + ∆φ ac )−sin Φ(φ ac )| is practically proportional to ∆φ ac , implying that Eq. (3) is applicable for estimating ∆φ ac . As discussed previously, |∆S| increases with increasing N and B ac (Fig. 3) . This means that the measurement sensitivity of ∆φ ac can be improved by increasing N and B ac . However, Fig. 4 shows ∆φ L ac reduces with increasing N and B ac , indicating that the upper limit ∆φ ac at which Eqs. (2)-(5) are applicable reduces with increasing N and B ac . Therefore, in the estimation of ∆φ ac by the AC magnetometry using multiple-pulse decoupling sequences, appropriate N and B ac that depend on ∆φ ac exist.
Future prospect
In this study, we found that NV quantum sensing based on multiple-pulse decoupling sequences can detect a very small phase shift ∆φ ac of an AC magnetic field under the nonphase-accumulation measurement condition. The sensitivity of ∆φ ac measurement depends on the number of π pulses (N) and the amplitude of an AC magnetic field (B ac ). The results of the experiments conducted in this study reveal a measurable ∆φ ac of approximately 10 −3 . Here, the measurable ∆φ ac was found to depend on the number of NV centers in a detection volume N nv and their coherence time T 2 (N). Recently, Wolf et al. have reported T 2 (N = 1) = 100 µs for N nv ≈ 10 11 , which can realize subpicotesla magnetometry.
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Substituting these values to Eq. (5), we can expect that, for a NV quantum sensing, the measurable ∆φ ac reaches to the order of 10 −7 for B ac = 1 µT. However, in addition to the optical detection error, the measurable ∆φ ac should be affected by a variation in the ACfield amplitude and an error in the quantum control of NV-spin states. Therefore, to realize an accurate ∆φ ac measure, we must further investigate what causes its uncertainty. In this study, we used the conventional multiple-pulse decoupling sequences developed for the phase accumulation of spins so far. However, other types of multiple-pulse decoupling sequences may be appropriate for measuring ∆φ ac , because the phase measurement is performed under the non-phase-accumulation condition. Therefore, further developments on multiple-pulse decoupling sequences are also needed for realizing an accurate measurement of ∆φ ac .
The proposed ∆φ ac measurement technique can be applied for measuring a complex AC magnetic field in the micrometer and nanometer scales. Since the dynamical decoupling sequences utilizing multiple-pulses decoupling sequences are commonly used for quantum information processing, 33-37 they are applicable for quantum sensing irrespective of the type of qubtis, which makes the proposed technique applicable for other qubits such as superconducting circuits. [38] [39] [40] Recently, qubits have been utilized for detection of non-classical fields such as squeezed states. [41] [42] [43] [44] Our findings will provide a guide for realizing a sensitive measurement of quantum noise 45 caused by a phase shift of such non-classical fields and will contribute to advances in quantum measurements based on qubits through the sensitive measurement of phase shifts of a complex AC magnetic field.
Methods Sample information
We used an ensemble of NV centers (≈ 3×10 14 cm −3 ) in an isotopically purified diamond film. The isotopically controlled 12 C diamond film was prepared by microwave-plasma-assisted chemical vapor deposition from isotopically controlled 12 CH 4 (> 99.999 % for 12 C) and H 2 mixed gas. We used a reactant gas with a nitrogen to carbon ratio N/C = 1.75 % during the growth to produce the ensemble of NV centers. The details of sample preparation have been reported elsewhere.
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Experimental procedure and setup Before applying the dynamical decoupling sequences, we initialized the NV-spin states by using a 532 nm laser pulse of 5 µs. Microwave pulses were applied to the NV quantum sensor for the multiple-pulse decoupling sequences. After applying the decoupling sequences, we obtained the AC magnetometry signals by detecting of photons from the NV quantum sensor excited by a laser pulse (500 ns). We canceled the common-mode noise of our measurements based on dynamical decoupling sequences by using a 3π/2 pulse instead of a −π/2 pulse.
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In this study, the AC magnetometry was performed by using a home-built laser scanning microscope with a 0.85 numerical aperture objective (Olympus LCPLFLN100x LCD). The optical initialization and detection of the NV-spin states were performed by a 532 nm continuous wave laser (SOC Showa Optoronics J150GS-1G-12-23-12) coupled with two acousto-optic modulators (Optoelectronic MQ180-G13-FIO) for optical pulse operation with a high extinction ratio (> 80 dB). Photons from the NV quantum sensor were detected by a single photon counter (Excelitas Technologies SPCM-AQRH-15-FC). Our microwave setup consists of a microwave source (QuickSyn Synthesizers FSW-0020) and a quadrature hybrid coupler (Marki QH-0R714 Quadrature Hybrid Coupler) with each output connected to a microwave switch (Mini-Circuits ZYSWA-2-500DR) for generating either in-phase or quadrature-phase microwave pulses. After each switch, both output paths were combined and then amplified by Mini-Circuits ZHL-16W-43+, followed by a microwave antenna. 48 A static magnetic field of ≈ 4 mT was applied with its direction parallel to a 111 axis of the diamond. An AC magnetic field was applied to the NV ensemble by a home-made coil connected to an arbitrary function generator (Tektronix AFG3252), which was used to control the frequency, initial phase, and amplitude of the AC magnetic field. A TTL pulse generator (SpinCore PulseBlaster ESR-PRO-500) controlled timing of the pulse sequences and synchronization between the AC magnetic field and the sequences.
Measurements of coherence time
The coherence time of the NV ensemble was measured to estimate the phase sensitivity given by Eq. (5) in the main text. As shown in Fig. 5 , we measured coherence time by using the Hahn-echo, CPMG-32, CPMG-128, and CPMG-256 sequences. In these measurements, the first and the last π/2 pulses in each sequence were in-phase and the AC field was not applied. We fit the results with
where T 2 (N) is the coherence time of the NV ensemble in decoupling sequences with N pulses. The fitting parameters substituted in Eq. (7) for reproducing the results are described in Tab. 1. According to the experimental results, we substituted T 2 (N = 256) ≈ 1 ms in Eq. (5) for estimating the phase sensitivity.
Proportionality factor in Eqs. (2) and (3)
We used the common-mode-rejection method 47 to obtain the results; thus, the below gives the signal of AC magnetometry obtained by applying multiple-pulse sequences, where the first π/2 pulse is quadrature-phase to the last π/2 pulse:
Here, r is the ratio of photon counts from the dark to the bright states of the NV center, n y is the number of π Y pulses, and T 2 (N) is the coherence time of N-pulse decoupling sequences. Φ is the phase accumulation due to an AC magnetic field and is given by Eq. (1) in the main text. Therefore, the proportionality factor in Eqs. (2) and (3) is given by
To obtain the parameters in Eq. (9), we measured the coherence time by using the XY8-1 sequence, where both the π/2 pulses were in-phase and the AC field was not applied. From the measurements, T 2 (N = 8) = 140 ± 10 µs, p = 0.97 ± 0.09, and r = 0.917 ± 0.001.
These obtained parameters were used to fit the experimental data with Eq. (8), as shown in Fig. 1(c) , and to plot theoretical results given by Eqs. (1)-(3) . The obtained parameters of the CPMG-2, XY4-1, and XY8-1 sequences are shown in Tab 2.
To derive the SNR for the phase-shift measurement, we calculated the expectation value and the variance of an AC magnetometry signal by using a measurement operator and a density matrix of the NV-spin states. Our derivation is based on the theoretical procedure reported by Meriles et al.
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Assuming that NV-spin states are represented as a two-level system, the measurement operator related to the optical detection is defined by
where |0 (|1 ) corresponds to the bright (dark) state of NV centers. σ z is the Pauli matrix and I is the identity operator. Here, a and b are two independent and stochastic variables of the bright and dark states associated with collecting photon counts measured by optical readout pulses. These are characterized by Poisson distributions, i.e., a = r 0 and b = r 1 . In addition, the ratio r = r 1 /r 0 , as shown in Eqs. (8) and (9). Because of the optical initialization, the initial density matrix of the NV-spin states is given by
By applying the first (π/2) X pulse, the density matrix is given by
In this study, an AC field was applied to the NV centers subsequent to the (π/2) X pulse and synchronized to the decoupling sequences with multiple π pulses, as shown in Fig. 1(b) . After applying the decoupling sequences with the π pulses, which is synchronous to the AC magnetic field, the density matrix is given by
where n x and n y are the number of π X and π Y pulses, respectively. Here, T = Nτ (1 + α) and n x + n y = N. In Eq. (13), Θ involves the phase accumulation due to the AC field and magnetic-field noise from the local environment around the NV centers. The former case is given by Φ [Eq. (1)], and the latter one causes decoherence of the NV-spin states. After applying the (π/2) Y pulse subsequent to the π-pulse train, the final density matrix before the optical detection is given by
Therefore, the expected measurement operator value is represented as follows:
where the decoherence factor D = [Nτ /T 2 (N)] p . Φ is given by Eq. (1). According to the derivative of M with respect to an AC-field phase φ ac , the signal deviation ∆S for the phase shift ∆φ ac is represented by
On the other hand, the variance of the measurement operator is given by
Assuming that the detection noise is only caused by the photon shot noise characterized by the Poison distribution, the SNR is written as follows:
where N m is the number of measurements and N nv is the number of NV centers in an optical detection volume. If we measure the phase shift of an AC magnetic field in Nτ ∼ T 2 (N), the dominant terms in Eq. (17) are approximately given by
Therefore,
where 
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The data that support the findings of this study are available from the corresponding author upon reasonable request. −1 , where τ π is the π pulse width. In this study, the pulse width was set at τ π = 124 ns. Figure 2 : Deviation of AC magnetometry signal obtained using the XY8-1 sequence as a function of the free precession time Nτ with N = 8. We measured the deviation from the magnetometry signal at φ ac = π/2 by using several phase shifts ∆φ ac : ∆φ ac = 0.05π (blue triangles), 0.01π (red circles), −0.02π (green pentagons) and −0.05π (purple squares). Error bars in the figure indicate the standard deviation of the photon shot noise. 
